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Limit sets and gauge functions

iid

» Xi,...,X,~ f, d-dimensional, Laplace(0, 1) margins.
» Scaled sample clouds {Iogf;l/2)’ cee |og€;"/2)} converge onto a

limit set,
G = {xeRd‘g(x)gl}
as n — oo (Balkema et al., 2010).

» The gauge function, g : RY — R, is 1-homogeneous and is
obtained through:

(x) = lim — log f(tx)

t—o00 t

(Nolde, 2014; Nolde and Wadsworth, 2021)



® Example: Gaussian, p = 0.5
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® d = 3 Gaussian, p;p = —0.5, p13 = —0.5, pp3 = 0.5




Extremal inference with gauge functions
> Consider
R =Xl
W =X/|IX]l,
rq(w) = g™ quantile of R given angle W = w

e, Pr(R<rg(w)|W=w)=gq

» Interested in when R is large, or R > ry(W)




Parametric Approach (Wadsworth and Campbell, 2022)
» Wadsworth and Campbell (2022) establish

R|{W =w,R > rq(w)} ~ truncatedGamma(d, g(w; 0))

» Empirical distribution for W | R > rq(W)




Bayesian approach

» Here, we fit the model
R—rg(w) | {W = w,R > ry(w)} ~ Exponential(g(w;n, Q1))

where

N

g(win, @) = exp {77 + Zcbih;(W)} . ¢ ~MVNy(0,Q77)
i=1

> Q: sparse N x N precision matrix

» N: angular mesh length
> g(x) =g(rw)=rg(w;n, Q")



® Example: Gaussian, p = 0.5

o
= AR '
o | !
o ! !
— : :
N ' o
oS ! !
c : !
T 24 | ‘
o ° ! !
= ! !
S : !
> ! !
0 i i
S ! '
! ' '

o .

S

I
T T T T T
-1.0 -05 0.0 0.5 1.0

x./log(n/2)



® Example: Gaussian, p = 0.5, N = 20
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® Example: Gaussian, p = 0.5, N = 20
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® Example: Gaussian, p = 0.5, N = 20
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® Example: Gaussian, p = 0.5, N = 5,000
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Probability Estimation

Pr(X € B) =Pr (rnf(W) < R < raup(W), W € Sp)

—Pr(W e SB)/ [e—(nnfw)—ro(w))gw) _ e—(rsup(w)—row))g(w)] dw
Sg
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= Newlyn wave data example (d = 3

Byt
Neucastle upon Tune,

v
Sunderland
Hart epoo],
Wnitehaven Hiddlesbrough,
by

Barrou-in-Furness; arborough
o Flanborough
o vanston upen

Preston =
eby
skeaness)
Soston
Heupost
s
irgoanbe,
: ERot
Southanpton,
booter, _aurenautn,

g By

st g,

v




Newlyn wave data example (d = 3)
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Newlyn wave data example (d = 3)

> n=2894,d=3
» H, wave height (meters, m)
> P, wave period (seconds, s)
> S, wave surge (meters, m)



Newlyn wave data example (d = 3)

Period 5
0
-5

Surge 0




Newlyn wave data example (d = 3)
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Newlyn wave data example (d = 3)




Newlyn wave data example (d = 3)

» Interested in
1
Y(u) = <1u> PriFL(X;) > uV¥j€AC{H,P,S}

for u close to 1
» xup(u) = Pr(Fu(Xy) > ulFL(Xp) > u)
» xus(u) = Pr(F(Xy) > u|FiL(Xs) > u)
> xps(u) = Pr(FL(Xp) > u|FL(Xs) > u)
| XHPS(U) = PF(F[_(XH) > u, FL(XP) > U|F[_(X5) > U)



Newlyn wave data example (d = 3)
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Newlyn wave data example (d = 3)
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Newlyn wave data example (d = 3)

» The sea-wall overlapping discharge rate (m3s~1m~1)

az(V—Xs—/)
Q(v; Xy, Xp, Xs) = a1 XsXpexp{ ——— 7
(v Xn, Xp, Xs) = a1 Xs Xp P{ (Xp X 1/2)

> v: sea-wall height (m)
> a; = 0.25, a, = 26: sea-wall design features
> | = 4.3: tidal level relative to the seabed

» Industrial design standard of 0.002m3s 1m~!
» Want to estimate v, where p = Pr(V > v,).

» Coles and Tawn (1994); Bortot et al. (2000); Wadsworth and
Campbell (2022)



Newlyn wave data example (d = 3)

> pvs. vp:=F5(1—p)
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Newlyn wave data example (d = 3)

> pvs. vp = F5(1—-p)
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Newlyn wave data example (d = 3)

> pvs. vp = F5(1—-p)
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Our Bayesian Method

» Using INLA, we can sample posterior observations from
rq(w), fw(w), g(w), and “return level curves”.

» Backed up by rigorous theory.

» Performs well on simulation studies for a wide range of
dependence structures.

> Allows for flexible modelling of multivariate extreme value
problems.
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